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(Nl Abstract. Lie bialgebra structures on the extended affine Lie algebra 5(2 (Cq) are investigated. 

In particular, all Lie bialgebra structures on sl2(Cq) are shown to be triangular coboundary. This 
CN , result is obtained by employing some techniques, which may also work for more general extended 

Q . affine Lie algebras, to prove the triviality of the first cohomology group of s[2(Cg) with coefficients 
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O 1 Introduction 



It is well known that extended affine Lie algebras (EALAs), ffist introduced in [14] in the 
sense of quasi-simple Lie algebras and systematically investigated in [2], can be regarded 
as higher dimensional generalizations of affine Lie algebras. One of the main features of 
! such Lie algebras is that they are graded by finite root systems possessing nondegenerate 
\Q . symmetric invariant bilinear forms. The EALAs, including toroidal Lie algebras and the 
^ . central extensions of the matrix Lie algebras coordinated by quantum tori as well-known 
■ examples, have been subjects of intensive studies during the last decade (e.g., [1-6,10-12,14, 
^ 16,18] and references therein). More precisely, the structure and representation theories of 
EALAs have been well developed and received much attention via various module realizations 
(e.g., [4,5,10-12,15,16]). Despite of the fact that much progress has been achieved on these 
^ , aspects, it seems that, to the best of our knowledge, not much has yet been known on the 
5^ . aspect of quantum groups associated with EALAs. 

Quantizing Lie algebras is an important approach to produce new quantum groups. To 
quantize a Lie algebra, it is necessary to ffist know its bialgebra structures. Therefore, 
investigating Lie bialgebra structures is an important problem and it is our goal to study Lie 
bialgebra structures on EALAs. In the present paper, we initiate the study by considering 

Lie bialgebra structures on the extended affine Lie algebra sl2(Cg). We wish the study may 
provide us an approach to investigate Lie bialgebra structures on more general EALAs. 

In order to obtain solutions of quantum Yang-Baxter equations, which plays important 
roles in mathematical physics, Drinfeld [8, 9] introduced the notion of Lie bialgebras. Lie 
bialgebra structures on the Witt algebra and the Virasoro algebra were considered and 
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classified in [22,26]. Since then, Lie bialgebra structures as well as their quantizations on 
some infinite-dimensional graded Lie algebras, in particular those containing the Virasoro 
algebra (or its g-analog) have been extensively studied (e.g., [7,13,17,19,23,24,26-29]). We 
have noticed that, for the above-mentioned infinite-dimensional graded Lie algebras, the 
Virasoro algebra plays a very crucial role in determining their bialgebra structures because 
of the fact that the modules of the intermediate scries of the Virasoro algebra have relatively 
simple module structures (see, e.g., [25]). However, for our case here, due to the fact that the 

Lie algebra sl2(Cg) has a rather complicated interior algebraic structure, some techniques used 
in determining bialgebra structures of the above-mentioned Lie algebras cannot be applied 

to the case for sl2{Cq). More precisely, when we determine the derivations from s(2(Cq) to its 
tensor product (which is indispensable in determining bialgebra structures), we encoimter 
the following 2 difficulties: Firstly, we have the difficulty to solve some complicated systems 
of equations with lots of undetermined variables (see, e.g., (3.12)-(3.16)). Secondly, we 
have the difficulty to choose some suitable inner derivation, denoted Minn, apart from some 
obvious ones (such as those with u being in (3.6)), so that when we subtract a derivation 
Vq by the chosen inner derivation Minm the resulting derivation — Minn would be as simple 
as possible. In dealing with problems of determining derivations in this paper, we overcome 
the first difficulty by employing some new techniques and arguments (cf. proofs of Claims 

1 and 2). Then we overcome the second difficulty by finding two rather complicated inner 
derivations Minn, "^inn in two steps, so that Vq — Uinn — Minn has a relatively simple form 
(cf. (3.30) and (3.31)). We would like to remark that our techniques and arguments may be 
possibly generahzed to more general EALAs. This is also one of our motivations to present 
the results here. 

The main result of this paper can be formulated as follows. 

Theorem 1.1. Every Lie bialgebra structure on sl2{Cq) is triangular coboundary. 

2 Preliminary 

The extended affine Lie algebra sl2(Cg) is essentially a loop algebra with the algebra of Laurent 
polynomials replaced by a quantum torus (cf. [20]). We now give the precise definition below. 
Let q he a. nonzero complex number which is not a root of unity, and let = (^^[x^^,?/^^] 
be the C-algebra defined by the generators x^^, y^^ and relations x^^x"^^ — 1, y^^y^^ — 1, 
yx — qxy. First, we need to recall the definition of the Lie algebra C — sl2{Cq). Denote by 
Eij the 2x2 matrix with the (i, j)-entry being equal to 1 and others being for i, j — 1, 2. We 
use Z*, Z+ and Z~ to denote respectively the sets of all nonzero, nonnegative and nonpositive 
integers. We also denote = (0, 0), Z = Z x Z and Z* = Z\{0}. Then the following elements 
with m = (mi, m2) G Z, k = {ki, /C2) G Z*, 

= Eux'^'y^', U = E2ix^'y^\ 
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form a basis of £ satisfying the following relations, for m' = {m'l, m'2) G Z, k' = (fc^, /cg) G Z*, 

[em, em'] = [/m, /m'] = [c^, ^k] = [d, S'k] = [fl'k, ^k'] = 0, 

[fi'kj Sm] = Q^^™^^ ^\L+m^ [^k) Sm] = "^''^"'"'^ek+m, [^^5 Cm] = 26^, 

[/ik, /m] = ^^^"'Vk+m, [S'k, /m] = — ^''^'"Vk+m, [c?, /m] = — 2/m, 

[em, /-m] = [em, /m'] = q""'"^'' Qr^+m' - q"^'^""' h^+m' if m + HlV 0, 

[^k, ^k'] = (g'^''^ - ?'^'^)^k+k', [/ik, /ik'] = (g'^''^ - ?'^'^) W- (2.1) 

Thus, £ = e(mi,m2)ez>C,ni,m2 IS Z-graded with 

''-'0,0 — 

>Cfei,fe2 = Cefci,fe2 e C/fci,fe2 © C5fei,fe2 © C/ifei,fe2 if (/ci, /cs) G Z*. 
We introduce two degree derivations di and ^2 on written in terms of brackets as below, 

for Ljn^^rn2 ^ ^mi,m2- Then the extended affine Lie algebra 3(2 (Cg) is simply the Lie algebra 

>C®Cdi®Cd2, which is denoted by C throughout the paper. Obviously, C — ®{mi,m2)ezJ^mi,m2 

is also Z-graded with CkiM — ^kiM if (^1, ^2) G Z*, and £0,0 = £0,0 © Cdi © Cd2. 

Now let us recall the definitions related to Lie bialgebras. For any C- vector space «S, 
denote by ^ the cyclic map oi S <S> S <S> S cyclically permuting the coordinates, namely, 
^{xi <S> X2 <S> xs) — X2 <S> X3 <S> xi and by r the twist map oi S <S> S, i.e., t{xi <S> X2) — X2<S> xi 
for any xi,X2,X3 G S. First we need to reformulate the definitions of Lie algebras and Lie 
coalgcbras as follows: A Lie algebra is a pair {S, S) of a vector space S and a linear map 
S : S ^ S ^ S satisfying 

Ker (1 - r) C Ker 5, 

Dually, a Lie coalgebra is a pair {S, A) of a vector space S and a linear map A : <S — > <S (8) <S 
satisfying 

ImAcIm(l-r), (2.2) 
(l + '^ + '^^)-(l®A)-A = 0: S^S^S^S. 

For a Lie algebra S, we also use [x, y] = 6{x, y) to denote its Lie bracket and the symbol "•" 
to stand for the diagonal adjoint action: x ■ {a®b) = [x , a] ^ b + a ^ [x , b]. 
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Definition 2.1. A Lie bialgebm is a triple {S, S, A) satisfying 

(iS, 6) is a Lie algebra, {S, A) is a Lie coalgebra, 

A5(a;, y) = X ■ Aj/ — y • Aa;, W x,y G S {compatibility condition). (2.3) 

Denote by il the universal enveloping algebra of S and by 1 the identity element of il. 
For any r = ^2% CLi^bi E S ® S, define r^^, r^^, r^^ to be elements of il il <8) il by 

r^^ = ® ^'j ® 1, = E«i ® 1 J^^^ = El ® «i ® 6i, 

ill 

and c(r) = [r^^,r^^] + [r^^,r^^] + [r^^r^^]. 

Definition 2.2. (1) A coboundary Lie bialgebra is a 4-tuple (5,5, A, r), where (5, 5, A) is 
a Lie bialgebra and r e Im(l — r) C (S®(S such that A = A^ is a coboundary ofr, i.e., 

A^(x) = X • r for X e 5. (2.4) 

(2) A coboundary Lie bialgebra (5, S, A, r) is called triangular if it satisfies the following 
classical Yang-Baxter Equation (CYBE) 

c(r) = 0. (2.5) 

3 Proof of the main results 

The aim of this section is to give a proof of Theorem 1.1. First one has the following [8,9,22]. 

Lemma 3.1. Let S be a Lie algebra and r G Im(l — r) G S ® S. 

(1) The triple {S, [■, ■], A^) is a Lie bialgebra if and only if r satisfies CYBE (2.5). 

(2) For anyxeS, (1 + C + C^) • (1 <^ A) • A{x) = x ■ c(r). 

Similar to the arguments in [27, Lemma 2.2], one can obtain the following. 

Lemma 3.2. Regard C®'^ , the tensor product of n copies of C, as an C-module under the 
adjoint diagonal action of C If x • r — for some r e vC®" and all x & C, then r — 0. 

An element r e Im(l — r) G C<S> C is said to satisfy the modified Yang-Baxter equation 
(MYBE) if 

X ■ c(r) = 0, M xgZ. (3.1) 
As a conclusion of Lemma 3.2, we immediately obtain 

Corollary 3.3. Any element r e Im(l — r) G C® C satisfies (2.5) if and only if it satisfies 
MYBE (3.1). 
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Regard V = C®C as an >C-module under the adjoint diagonal action. Denote by Der(£, V) 
the set of derivations V : C ^ V, i.e., I? is a hnear map satisfying 

V{[x,y])^x-V{y)-yV{x) for x,y e £, (3.2) 

and Inn(>C, V) the set consisting of inner derivations Vinn, f € V, defined by 

^inn ■ X ^ X ■ V for X & jC. (3.3) 

Denote by H^{jC,V) the first cohomology group of C with coefficients in the >C-module V. 
Then 

H\C, V) = Der(£, V)/Inn(£, V). 
Proposition 3.4. We have Der(£, V) = Inn(>C, V), i.e., H\£,V) = 0. 

We shall prove this proposition by several lemmas. First note that V — jC<SiJC — ©mezVm 
is Z-graded with 

Vm = X] <H) jCn' for 11, II' G Z. 

n+n'=m 

A derivation V e Der(>C, V) is homogeneous of degree m if ©(^Cn) C Cm+n for all n e Z. 
Denote 

Der(£, V)™ = {P G Der(£, V) | degP = m} for m e Z. 

For any fixed V G Der(£,V), and any m G Z, we define a linear map : jC ^ V as 
follows: Let /i G £„, n G Z, we can write Vdi) — X^m'ez/^m' with /im' G Vm', then we set 
T^mi/J') — A*n+m- Obviousty, "Dm G Der(>C, V)in and we have 

^V^, (3.4) 

meZ 

which holds in the sense that for every E C, only finitely many Vmi/J') 7^ 0, and ^{u) — 
Smez^m(A*) (we call such a sum in (3.4) summahle). 

Lemma 3.5. //k G Z* , then X>k e Inn(£, V). 

Proof. Denote T = Spanj^jrfi, ^2}. Define the nondcgcncrate bilinear map (-,■): Z x T —)■ C 
by (m, p) = mipi + m2P2 for m = (mi,m2) G Z, p = pidi + p2d2 G T. We simply denote 
p(m) = (m, p). Then for k G Z*, by linear algebra, one can choose p G T with p(k) 7^ 0. 
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Now for any x e m e Z, by applying to [p, x] — p(m)x, and using T>\^{x) e Vk+m, 
we have 

p(k + m)Dk(2;) - x ■ Dk(p) = p ■ V]^{x) - x ■ Dk(p) = p{va)V]^{x), 
i.e., V^,{x) = v,r.r.{x) with = ^)VM e >^k. Thus Pk e Inn(£, V). □ 
Lemma 3.6. We have Vo{di) = Po(4) = 0. 

Proof. Applying Vq to [(ii,a;] = mix and [^2,2;] = 'm2X for x e vCmj^^j) '^^ obtain that 
X ■ Vo{di) = X ■ Vo{d2) = 0. Thus by Lemma 3.2, ©0(0^1) = ^^0(0^2) =0. □ 

Lemma 3.7. By replacing Vq by Vq — Uinn for some u e Vo; one can suppose T>o{Co) — 0. 

Proof. Write Vo^d) as (here and below, we always assume that the sums are over a finite 
number of m e Z and k e Z*) 

^o(d) = E('^mem<8)e_m+A^ei„(g)/_i„+A47m(8)e_m+A;^^/m(g)/_m)+5](A^^ek®5-k 

m k 

+A^'*ek(8)/i-k+ A{^^/ik®e_k+ Af 5k®e_k+ Aj^Vk®5-k+ A(Vk(^/i-k+ 5k(^/-k 
+Ak-^/ik®/-k+ Af 5k(8)5-k+ Af 5k®/i-k + A|^^/ik®5-k+ Ai^'^/ik /i-k) 
+A5eo (8) d+ A^^eo ® di+ \%eo (8)^2+ aJ/o d+ \{jo (g) di+ Aj2/o(8)d2+ Afd(8)eo 
+\'fd ® fo + \id®d + A;:[^(i0(ii + \i^d®d2 + \tdi®eo+ \fdi(g>fo+ X'^^di^d 
+\%di®dx+ \%di®d2+ \fd2®eo+ \fd2®fo+ Xfd2^d+ Ajd2®di+ Agd2(^d2, (3.5) 

where the coefficients associated with the Greek symbol A are all in C[g^^] (here and below, 
we always use the Greek symbols A, /i, ly, rj, ^, 7 with some meaningful superscripts and 
subscripts to denote undetermined coefficients in C[g'^-'^]). We need to use the following 
identities 

d ■ (ek (8) 9-k) = 2ek 9-k, d • (/k (8) 5-k) = -2/k <8) g-k, 

d- {gk® e_k) = 2i?k <8) e_k, d- {gk® /-k) = -"^gk <8) /-k, 

d • (ck (8) /i-k) = 2ek «) /i-k, d • (/k (8) /i_k) = -2/k (8) /i-k, 

d • (/ik <8) e_k) = 2/ik ® e_k, d • (/ik (8) /-k) = -2/ik <8) /-k, 

d • (em (8) e-m) = 4em (8) e_„i, d • (/m <8) /-m) = -4/m <8) /-m, 

d • (eo (8) d) = 2eo (8) d, d • (cq <8) di) = 2eo ^ di, d • (cq <8) d2) = 2eo ^ d2, 
d • (d (8) eo) = 2d ^ eo, d • (di (8) eo) = 2di (8) eo, d • (d2 <8) eo) = 2d2 ^ eo, 
d ■ ifo d) = -2fo d, d- (/o(8)di) = -2/o«)di, d ■ {fo d2) = -2fo d2, 
d- (d(8)/o) = -2d(8)/o, d • (di /o) = -2di /o, d • (d2 /o) = -2d2 /o- 

In particuler, by replacing Do by X>o ~ ^tinn, where it is some combination of 

ek®5'-k, ek<8)/t-k, /m 8) /-m, /k ® ^-k, /k ® /i-k, S-k ® e_k. 



/ik<8)e_k, gk<^f-k, /ik^Z-k, eo(8)d, eo<^di, 60(8)^2, fo<^d, fo 
fo<S>d2, d<S>eo, di^fo, di<S>eo, di (g) /o, d2<S>eo, d2<S>fo, (3.6) 

we can suppose 

\ee \eg \eh \e \e \e \// \fg \fh ■>/ ■>/ 

'^m — '^k — '^k — ^d — ^di — ^d2 — — '^k — — '^d — '^di 

— \f — — \9f — \he _ \hf _ \d _ \d _ \di _ \di _ \d2 _ \d2 _ n 

— ^d2 — ^k — '^k - '^k - '^k - \ - '^f - \ — '^f - \ - '^f - U- 

Thus 'Do{d) can be simplified as 

T^o{d) = E(A^e„ ® + A^7„ ® e_„) + A^d d + X^d di + X^d ^2 

m 

+E(Af ^k ® g-k + Af ® /i-k + Ak^/ik ® ^-k + X'^^hk ® /i_k) 

k 

+A^Mi ®d + A^Jdi (8) di + A^^di (8) d2 + A^M2 (8) d + A^Jd2 (8)^1 + A^^d2 <8) ^2- 
Similarly, write (cf. statement after (3.5)) 

^o(eo) = E(/^mem®e_m+//^ei„«)/_m+M4Vm®e_i„+/x;^^/m®/-m)+E(/^k ek®ff-k 

m k 

+/^k*ek<^^-k+ Mk^^k<^e_k+ Mrfk<^e_k+ M{^/k®5-k+ M{''/k<^^-k+ /J'^gk'^f-k 

+/v-k-^/ik(»/-k+ /Wk^ffk(»5-k+ /^k^^fki^/i-k + /"k''/ik«)5-k+ Aik '/ik C>§ Z'-k) 

+fijd fo + nid®d + ni^d^di+ nj^ d (2> ^2 + Me' (g) eo + M/' cii /o + Md' di^d 

+AiJdi®cii+/Li^idi(8)d2+ i4''d2®eo+ lJ^fd2®fo+ IJifd2®d+ lJi'l\d2®di+ iif^d2®d2. 

Note that we have 

eo • (^k ® fif-k) = Ck (8) fif-k - /ik ® e_k, eo • (/k ® e_k) = fifk ® e_k - /ik ® e_k, 
eo • (fl'k ® fi'-k) = -ek ® fi'-k - 5'k ® e_k, eo • {K <8) /i-k) = ek (8) /i-k + /ik <8) e_k, 
eo • (/o (8) eo) = 0? (8) eo, eo • {d ®di) = -2eo (8) c?i, eo • (c? ^2) = -2eo ® ^2, 
eo • (eo ® fo) = eo (8) 0?, eo • ((ii ® d) ^ —2di (8) eo, eo • (o?2 <8) o?) = -2^2 ® eo- 
The first four equations imply 

ek <8) /i-k = ^eo • {gk <8 fif-k + /ik ® fif-k + 2/ik <8) /i-k + /k <8) e_k), 
/ik (8) e_k = -^eo • {gk ^ g-k + fk^ e_k + /ik (8) g-k), 
ek ® fif-k = -^eo • {gk ® fif-k + /k ® e_k - /ik ® S'-k), 



Qk <8) e_k = ~eo • {g^ (8) g-k + /ik ® 5'-k - /k <8) e_k). 

Thus, by replacing Vq by ~ Ui-^n, where u is some combination of g^k <H) g'-k, <8) /i-k, 
^k <H) g-k, fm ® e_iii, Co <S> fo, di<S> d, d<S> di, d<^ d2, and d2 <8) o?, we can suppose 

^o(eo) = E(Mmem®e_m+/i^em(8)/_m+M47m(^e_m+//^/m(»/-m)+E(/^?/k<^5-k 
m k 

+l^i^fk'^h_-k+ g\^®f-\& l^^^hi,^f_k+ n^gk^g-k+ I^k9k^h_]^+ ij!^h]^®g_]^ 

+l4^d ®di+ ii%d ®d2 + nfdi ® fo + n'^^di®d + /Lt^^di ®di + nf^di ® d2 
+lJifd2 0/0 + Md'c^2 <^d + i/^\d2 ®di+ i/^^d2 O ^2- 

Applying Vq to [d, eo] = 2eo, we obtain 

• 2^0 (eo) - eo • Po(c?) = 2Po(eo). 
Comparing both sides of the above equation, one sees that 

Po(eo) = 0, (3.7) 

^di - ^d2 - ^d - ^d - U, 

Ak^-Af + Ai^ = 0, A^^ + Af-Af = 0, A^^ - 2A^ 0, 

xC + xi'-x^^Q, xC-x^ + xt^^, x{;-2xi^o. (3.8) 

Write (cf. statement after (3.5)) 

2^o(/o) = E(Cem®e_m+z/^em®/_m+i/47m®e_m+z^4^/m®/-m)+E('^k^ek«)5-k 

m k 

+z/^''ek®^-k+ z^k'^k^e_k+ 5k®e_k+ t'i^/k®5-k+ ;^k'7k^^-k+ z^k'^^k'^Z-k 
+i^k"^/ik®/-k+ t'k^5'k®5-k+ i^k^5k®/i-k + i^k^/ik<8)5'-k+ i^k^'/ik ® /i-k) 
+1^160 (8> d+ frf^eo (8> di+ i^d^eo (^2+ i^d/o ® d+ ® di+ i'^Jo^d2+ u^d^eo 
+i^fd (8) /o + ujd^d + uj^d^di + uj^d ®d2 + t'f di(8)eo+ vfdi®fo+ v'^di^d 
+u^ldi(^di+iy^ldi(^d2+ vf'd2®eo+ vfd2(E)fo+ u'^^^d2®d+ v'^ld2®di+ v'^ld2®d2. 

Applying Vo to [d, fo] = -2/o, then d-Vo{fo)- fo-Vo{d) = -2Po(/o). By (3.8), fo-Vo{d) = 
0. Thus d ■ T>o{fo) = — 2r'o(/o), from which, one can deduce 

j.ee _ ef _ eg _ eh _ fe _ ff _ ge _ he _ gg 
'^m — '^m — '^k — '^k — '^m — '^m — '^k — '^k — '^k 

= K' = 4' = '^k' = '^d = '^l = ^l. = = ^ = 

= 4 = < = 4' = <\ = = = Al = = Aj = 0. 
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Applying Vq to [cq, /o] = d and using (3.7), we obtain cq ■ "Dol/o) = T^oid), from which and 
the above identities, it is no wonder that 



+ 2i.J = A + 2 = - z/,^ - z/J = , 

Using these identities and (3.8), one deduces that Void) = I'o(/o) = 0. By the fact that 
Co = Ceo © C/o © © Cdi © Cd2, we obtain the lemma. □ 

Remark 3.8. We always use the convention that if an undefined symbol technically appears 
in an expression, we always treat it as zero; for instance, 5^0,0 — ^0,0 — 0. 

Lemma 3.9. By replacing Vq by "Dq— ximn for some Uinn G Vo, one can suppose T>Q{Cm,n) — 
for m,n & 'E'^ . 

Proof. Using Lemma 3.7 and the fact that [d, 510,1] = 0, we deduce d • 'Do(5'o,i) = 0. Thus we 
can write (cf. statement after (3.5)) 

^0(50,1) = {Vm,n(^m,n ^ f-m,l-n + Vm,nfm,n ® e-m,l-n + Vmn9m,n ^ 9-m,l-n 

(m,n)GZ 

—m,l—n "I" 'nm,n^'m,n ^ 9—m,l—n m,n ® ^— m,l— n) 

+Vd9o,i ^d + rigd^ go,i + Vd^9o,i ^ di + rjg^di (g) 50,1 + Vd29o,i (8> ^2 + Vg^d2 50,1 
+Vdho,i ^d+r)id^ho,i + vX ^0,1 ^di+ ri'^' di ^ho,i+ vX ^0,1 ^d2+ Vh d2 <8 ^0,1 • (3.9) 

Note that 

fl'0,1 • {d2 ® d2) = -d2 <8) go,i - go,i (8) ^2, 

go,! ■ {di (g) d2) = -di (g) go^i, go^i ■ (0^2 ® di) = -5(0,1 ® di. 

Thus by replacing Vq by Vq — Ui^n, where u is some combination of di (8) ^2, d2 <S> di and 
d2<S> d2, one can assume 

^1 = Vk = < = 0. (3.10) 

Similarly, we can deduce d ■ 1^0(^1,0) — 0, and thus '^0(^1,0) can be written as (cf. statement 
after (3.5)) 

^0(^1,0) = E {Cm,n(^m,n fl-m-n + C4%/m,n«)ei_^ + ^?^,n9m,n ffl-m -n 
(m,n)GZ 

^"^m n9m,n ^ ^l~m,—n ~l~ n^^,^ ^ 9l^m,—n ~l~ Cm ri^»n,n *^ hi—fn,~ri) 

+0,0 ® + ® 51,0 + Cdi5i,o ® 4 + ^s'c^i ® 51,0 + ^^51,0 ^d2 + ifd2®gi,o 
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Since hifi-{di0di) = — /?.i,o®c^i — c?i®^i,o, by replacing Vq by T>o+Uinn with u = S,f^di®di, we 
can suppose ^J^^ = 0. Applying Vq to [t/o,i, /ii,o] = 0, we obtain S'o.i -"Pol^i.o) = ^i,o •I'o(5'o,i), 
which implies 

V^d = < = = Vt = = 4' = 0, (3.12) 

~ ^d2 ~ ^di ~ ^g^ ~ ^g^ ~ ^9 ~ ^cL ~ ~ (3.13) 
(1 - g'-"Xn = (q"" - l)eVl' (<i"'"' - l)eSn = (1 - Qnv'j-l,n: (3-14) 

(1 - Qnv':i-i,n = (g'~" - iXn, ir - i)ef,„-i = (i - g'"'")^,™, (3.15) 

mte/ _ (^e/ _ „e/ _„n ef i-mtfe _ t/e — ri-''^ — n^-'^n^^ fulfil 

y Sm,n-1 Sm,n '/m,n ^ '/m-l,n' ^ Sm,n Sm,n-1 '/m-l,n ^ '/m,n- V^"-^"/' 

We observe the following crucial result. 

Claim 1. We have r\^^^ = i^^^^ = for all (m, n) e Z. 

To prove the claim, consider the first equation in (3.15): If n = 0, then (1 — q)ri'^^Q = 0, 
which implies rj^^Q = for m G Z. If n = 1, then (1 — q)'r]^_i ^ = 0, which implies 
^m)i = for m e Z. Now assume n ^ 0, 1. Let Sn = {m \ rj^rn^n 7^ 0}> which is a finite 
set. Assume 5„ ^ 0. Set m' = min 5„. Using 77^'Li,„ = 4r^^S"' ^® obtain 77^'J_i_„ 7^ 0, 
which means m' — 1 e <S„, a contradiction with the minimality of ml . Thus <S„ = and 
'7m'^n — {m,n) e Z. Analogously, consider the second equation in (3.15): If m = 0, 
then (1 - g)^^^„ = 0, which imphes ^^^^ = for n e Z. If m = 1, then (1 - q)il%_i = 0, 
which imphes = for n e Z. If m 7^ 0, 1 is fixed, then — {n \ ^^.^ 7^ 0} is a finite 

set. Assume 5^ 7^ and set n' = min S^. Using ^'^^-i = ^~q^-i ^m,n^ bave 7^ 0, 

which implies n' — 1 G 5^, a contradiction with the minimality of n' . Thus 5^ = and 
Cmn = {m,n) G Z. The claim is proved. 

Therefore, using (3.10), (3.12) and (3.13), one can rewrite (3.9) and (3.11) as 

2^0(50,1) = E {Vm,nem,n f-m,l-n + ri^^,nfm,n ^ fi-m,l-n + r]^m,n9m,n ® 5-m,l-n 

(m,n)GZ 

n®h_ra,l-n+ Vm,nhm,n®9-m,l-n) + Vd90,l(^d+ r]gd®gQ^i + d2®go,l, (3.17) 

^0(^1,0) = E (^m,n^»n,n "X) /l-m,-n + ^m,nf'm,n "X" + ^!^,^gm,n ®hi—rn,-n 

(m,n)eZ 

«>5l-m -n+ Cm'^n Vn<^^l-m -n)+ Cd^l,o8>C?+ di^l,0«>dl+ Cfc?(8>^l,0, (3.18) 
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where the coefficients satisfy (3.14) and (3.16). Applying Vq to [eo,g'o,i] = ~^o,i, we can 
write 1^0(60,1) as 

^^o(eo,l) = E ((Cn - Vm,n ' ^m,n)(^m,n ® ^-m,l-n + {v'^n + vt,n)(^m,n ® h-m,l-n 

(m,n)eZ*\(0,l) 

"'"(^m,n ~ vL,,n ~ Vm,n)9m,n ® ^-m,l-n + {vL,n Vrn,n)^m,n ® ^-m,l-n) 

+ {2r]g- r]o^)eo go,i + (2?]^- ?7^'')fl'o,i ® eo+ r^o'^eo ® /io,i+ r/o.l/io,! ® eo 
+(^d - %fi)eo,i ®d+ {ri'^g - r]i')d ® eo,i + r]fd2 ® eo,i. (3.19) 

Using Lemma 3.7 and [cq, eo,i] = 0, one deduces Cq ■ I^o(eo,i) = 0. Thus 

ril^ + r^i^ = 2,7^^ r^^f, + r^^^^, = 2,7^, (3.20) 

<n + V^n = <n " ' <n if (^, ^) 7^ (0, 0), (0, 1). (3.21) 

Applying Vq to [eo,i, /o] = fifo,! - ^0,1, by Lemma 3.7, we obtain 

^^o(/io,i) = 'Doigo,!) + /o • ^^o(eo,i)- 
Using (3.19), one can then write I?o(^o,i) as 

E ((C 

(m,n)eZ*\(0,l) 

"l"('7m,n ~ ^m,n ~ ^rt^n ~ Vm,n)9m,n®h-m,\—n '^{'Hm^n ~ Vm,n ~ Vm,n ~ Vin,n)^rn,n®g-m,l-n 
'^i'nm,n'^ Vrn,n~ 'nm,n'^ Vrn,n'^ '^m,n)9m,n®9-m,l--n'^{Vrn,ri^ Vrn,n^ 'nm,n'^ f]m,n)^m,n®^m,l-n) 

^o^)eo ® /o,i + (2r/^- r?^;^i)eo,i ®fo + (2<- no)fo ® eo,i + {2^- rfj^^)^,^ ® eo 
HVo + go - 2gg)d ® 50,1 + (??£ + %fi - 2??^)5o,i ® d + (r?^ - 77^^ - ?7^")d ® ho,i 
- ^ofi - ^0,1)^0,1 + gfd2 ® ho,i. 
By (3.20) and (3.21), one can rewrite I^o(^o,i) as 

^0(^0,1) = E {Vm,n^m,n ® /-m,l-n + Vm,nfm,n <® e_^,i_„) - TJ^d /Iq,! " ?7>0,1 <® d 

(m,n)GZ 

+ E (^Sn^- 

®g-m,\-n+ Vm,nhm,n®h^m,l-n)+ r]'g'd2®ho,l. 

(m,n)eZ*\(0,l) 

Applying to [g^o,!, ^0,1] — and using (3.17), we have 

r^f = 0, (g- - l)r;^^„_i = (g-™ - !)<„, (3.22) 

?"^<n-l - <n = " ^n-l- (3-23) 

Applying Vq to [eo, /ii,o] = ei,o, then 

(m,n)eZ*\(l,0) 
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-eS-^eo (8)51,0+ ei>i,o«'eo- i^o^+ 2Cf)eo®/ii,o- (^(0+ 2Cd)^i,o<8eo 

+ eifo)ei,o ®d+{Ct + Co)d ® ei,o + C5,ei,o ® di. (3.24) 

Using [eo,ei^o] = and Lemma 3.7, one has Cq • "^0(61,0) = 0. Thus 

Co^ + + 2^' = 0, CCo + ^ij + 2^5 = 0, (3.25) 
e:{n + d% = Cn - " C'n for (m, u) + (0, 0), (1, 0). (3.26) 

Applying Dq to [ei^o; /o] = fl'i,o~^i,o and using Lemma 3.7, there is no wonder that I'o(fl'i,o) — 
'Doihifi) - fo ■ I>o(ei,o)- Then by (3.24), one can write X'o(5'i,o) as 

,71 ^Tn,n ^Tn,7i ^Tn,7i) •f'^^f^^ — ^5 — ^ 

(m,n)eZ*\(l,0) 

~'~(^r/,n~'~ ^m,n~^ ^rn,n'^ ^m^n) 9in,n® 9l-m,-n^ i^rn,n~ ^m,n~ ^m,n~ ^rn,n)9m,n®hi_m _n 
,n ^m,n ^m,n Cm,n)^ni,n'^5'l-m,-n+ (Cr/jn"!" Cmin"!" Cmin"!" Crr^n)^m,n®^l-»n,-n) 

-(2^^+ ^o^)eo®/i,o - eii)ei,o®/o-(2^^+ ^t)fo^e,,o-{2^^+ ^ii)/i,o®eo 

- Cifo - Ci,o)^i,o ®d + iXgi,o ® di. 
By (3.25) and (3.26), we see that I^o(5'i,o) + Ct^ ® gi,o + id9ifi ®d- iXgi,Q (8) di is equal to 

E i^m,n^'m,n ® fl—m,—n + Cm,ri/ni,n ® Cl— m,— n) 
(m,n)6Z 

+ E (0-."®^l— .-n+^m>-."<^^l— ,-"+^Sn^m,n«)5l-m,-n). (3.27) 

(m,n)eZ*\(l,0) 

Applying T>o to [g'l.o, /ii,o] = 0, by (3.18) and (3.27), we have 

= 0, C'n = -?"e-l,n, (3.28) 
? Cm-l,n ~ ^m,n ~ Q ^m,n ~ ^m-l,n- (3.29) 

We now consider the second equation of (3.22). We observe an important fact that, as 
stated in the introduction, in order to be able to determine X>o (or in order to simplify some 
systems of equations such as (3.22)), some extra inner derivations must be subtracted from 
Vq. We shall do this in two steps (cf. (3.30) and (3.31)). Firstly, we take 

^^ = E E ^'""^i ^3m,n + hm,n) <^ {9-m-n + h^m-n)- (3.30) 
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Then we have by using (3.22) and relations (2.1), 

90,1 • 1i = E 12^— r {{(f - l)i'm,l+n ® {9-m,-n + ^-m -n) 
+ (5'm,n + hm,n) ® (^^^ " l)fi'-m,l-n) 

+Vm,n+l9m,l+n ® ^-m -n - q''^Vm,n+l9m,n+l ® ^-m,l-n) 
= E J2{Vm,n+l9m,l+n ® /i-m,-n + v'^,nhm,n ® ^-m,l-n 

—m,—n 

Thus, by replacing Vq by — ''^iim, and by (3.17), we obtain rf^n = Vmn = ^ ^*) 

n e Z. By (3.14), < = <n = forn 0,1. Hence, = r^^^.^^ = for (m,n) 
(0, 0), (0, 1). By (3.14), = for m e Z*, n e Z, and ^^^^ = for m, n e Z with m 1. 
Secondly, introduce 

^ = E T °'"„ (5'0,n + ^0,n) ® (S'O -n + ^-n)- (3.31) 

Using (3.28) and relations (2.1), we have 

^1,0 • ^ = 0, (3.32) 

hl,0 ■ ^ = E ~ ® {90 -n + ho-n) + {9o,n + ^n) ® (1 - g")/ll -„) 

= E (Cl,l^l,n®^0 -n-g""Ctli/0,n®/il -n+ C^l/il,n®/iO -n+g""Cl,mn®/il -n) 
= E ® 90,-n + efn^O,n <E) + CS^l.n <H) /lo,-n + Co^O.n ® /ll,-n). 

Thus, if we replace Vq further by Vq — vinn (note from (3.32) that the replacement does not 

affect Vo{g,,o)), we have ^ffn = Co^'n = forn e Z*. Thus Tyg^ = r^^^^ = C^n = = for 
(m,n)^ (0,0), (1,0). 

Another crucial result we observed is the following. 

Claim 2. We have = = M (m, n) 7^ (0, 0), (1, 0). 

To prove the claim, first we consider elements i]'^, ^ and set Sm' — {n \ yf^i „ 7^ 0} for 
m' e Z. Prom (3.20) and (3.21), we can see that the claim holds if Sm' = for all m! e Z. 
Thus assume Sm' 7^ for some fixed m' e Z and let no = min^m'. For any n G Z, if n < no, 
then (3.23) gives q"""' rjl^i = f]^/ ^, which implies r):^^, „ = due to the fact that there are 
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only finite many nonzero 774%'^- If ^ = ^o, then ij^i — ~Q "^'Vm'no- induction on n, 
we have q'^'r]^, „ = -77^, „ for n e Z and 



?"^£n = -<n for (m,n)eZ, 

<n = (?"^-lXn for (m,n)^ (0,0), (0,1). (3.33) 
Using (3.28) and (3.29), the following can be obtained by the similar methods: 

itn^-^^'itn forall(m,n)eZ, 

= (1 - ^""Mtn for (m,n) ^ (0,0), (1,0). (3.34) 

Then (3.19) can be rewritten as 

^o(eo,l) = E {Vm,nem,n ^ 9-m,l-n + Vm,n^m,n ® h_^^i_n) 

(m,n)6Z\(0,l) 

,n ® C-m,l-n + Vm,n^'m,n ® 6— m,l— n) 

(m,n)GZ* 

+ (^d - <i)eo,i ^ + (r;,' - vild ® eo,i. (3.35) 
The identity [I^o(/o,o), ^^o(^o,i)] = ^^o(/o,i) gives 

^o(/o,l) = E {V^,nfm,n<^ g-m,l-n + Vm,nfm,n<»h-m,l-n) 

(m,n)gZ\(0,l) 

+ E iVm,n9m,n ® /-m,l-n + Vm,nhm,n ^ /-m,l-n) 
(m,n)eZ* 

+ (^^ - ^il)/o,i ® + (77,' - Vo^)d ® /o,i. (3.36) 
Applying Vq to [g-o,!, [eo,i, /o,i]] = 0, one sees that 

fl-o,! • (eo,i • 2^o(/o,i) - /o,i • ^^o(eo,i)) = (5-0,2 - /io,2) • ^^o(5'o,i)- 
By (3.17), (3.35) and (3.36), and by comparing the coefficients of gm,n ® 9-m,3-n, we obtain 

Q-'"'v'J,n = «,n-2 + {Q-"" - lXn-1- (3-37) 

For any fixed m', the set S^, — {n \ rj^, ^ 7^ 0} is finite. Assume Sf^^, 7^ and set nf, = min»S^,. 
Using (3.37) and arguing as above, one sees that 77^^ = for (m, n) ^ (0, 0), (0, 1). 
Similarly, (3.24) can be rewritten as 

^o(ei,o) = E (C£„em,n ® hi-m,-n + im,n(^m,n ® fi^l-m.-n) 

(m,n)6Z\(l,0) 

+ E {^m,vhrn,n ® ^l-m,-n + ^m,n9m,n <H) e-i^rn,-n) 
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+ i^d - erfo)ei,o ^d+{^t- ^old ® ei,o. (3.38) 
We can write I^o(/i,o) as follows due to the identity [I^o(^i,o), ^^o(/o,o)] = ^^o(/i,o): 

^o(/l,o) = E i^m,nfm,n ® h-rn-n + ^m,nfm,n ® gi-m-n) 

(m,n)eZ\(l,0) 

+ E {^m,n^rn,n ® /l-m,-n + ^m,n9m,n ® fl-m-n) 

(m,n)GZ* 

+ (e." - e{o)/i,o ® + (e;^ - CoOc? ® /o,i- (3.39) 
Applying to [/ti,o, [ei,o, /i,o]] = 0, we have 

^1,0 • (ei,o • ^o(/i,o) - /i,o • ^o(ei,o)) = (5-2,0 - ^2,0) • 2^o(^i,o)- 

Combining (3.18), (3.38) and (3.39), and comparing the coefficients of /i^^n ® h^-m-m one 
can deduce that 

?-'"Cn = ?"e-2,n + - l)e-l,n- (3-40) 

For any fixed n' , as before, the set 5^, = {m | ^ 0} is finite. Assume S^, ^ and set 
ttIq — min»S^,. Using (3.40) and arguing as above, we can obtain — for {m,n) ^ 
(0, 0), (1, 0). This proves Claim 2. 

Take m = and n = respectively in the ffist equation of (3.16), then 

/^ef /-ef e/ n ef e/ 

?0,n-l ~ ?0,n ~ Vo,n '~ 1 V-l,n ~ %,n' 

„mdef _ te/ _ _„e/ , ef 
y Sm,-1 Sm,0 — '/m-1,0 ^ '/m,0> 

which together with (3.33) and (3.34) imply r]^^ = r](^n = {m,n) ^ (0,0), (0, 1) and 
C^n = - for (m,n) ^ (0,0), (1,0). Furthermore, we also obtain Cj = 'Vo' = <i = 
-erfo = -ei' = e{o = = Then (3.25) and (3.20) imply r}'^ = 77^ = = = 0. 

By now, (3.17) and (3.18) can be rewritten as 

2^0 (50,1) = %^(eo /o,i - eo,i (8) /o - /o eo,i + /o,i O eo), 
2^0(^1,0) = ?7o'^(-eo ® /i,o + ei,o <8) /o + /o ® ei,o - /i,o O eo). 

Replacing Dq by "Do — i^inn, where u — —TjQ^eo <E) /o + /o <8) cq + |d c?, we also have rj^'^ — 
by using 

go,i ■ u = eo,i ® /o - eo ® /o,i - /o,i ® eo + /o ® eo,i, 
^1,0 • u = -ei,o ® /o + eo ® /i,o + /i,o ® eo - /o ® ei,o. 
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Thus T>o{go,i) — T>o{hifi) — 0. By the similar method, one can deduce that 'Do(9'o,n) = 
^o(^n,o) = for n e Z+. Now using Lemma 3.7 and the fact that for m, n e Z+ 
can be generated by the set {d, eo,o, /o,0) di, d2, go,n, hn,o}, we complete the proof of Lemma 
3.9. □ 

Lemma 3.10. Replacing Vq by Do — Minn for some u e Vo, one can suppose T>o{Cm,n) = 
for 171,71 & Z~ . 

Proof. Since d ■ I>o(5'o,-i) = 0, we can write I>o(5'o,-i) as (cf. statement after (3.5)) 

S {Crn,n^m,n f—m,—l—n ~l~ Crn,nf'm,n ® ^—m,—l—n ~l~ Cm,n9Tn,n ® 9'— m,— 1— n 
(m,n)eZ 

+CX-i®'^+C^c^®V-i+Cd>o,-i(»c^i+C^'^^i(»^o,-i+CjV-i'^^2+C^'c^2®/io,- (3.41) 
Applying to bo,!; fi'0,-1] = 0, by Lemma 3.9, we obtain 

^(^2 ^'^2 ^9 ^/i " Sm,n— 1 S)m,n y Sm,n Sm,n— 1 

Then we can deduce Cl,n = CL',n = for m, n e Z and = C^n = Cln = for m ^ 0. 
Applying Vq to [gi,i-igo-i\ = (1 — q^^)gifi and using Lemma 3.9, wc get the identities 

(1 - = (1 - ?")a:n = (1 - = 0, 

(-[ _ „-n-l\^gg _ /-g _ /-g — /-h _ /-d _ /-di _ ^di _ r, 
\^ y Ao,n ~ Sd ~ Sdi ~ ~ '^g ~ '^g ~ '^h ~ 

which force Co,n = Co,n = Co,n = for n 7^ 0, —1. Then we can rewrite r'o(fi'o,-i) as 

T>o{go,-l)^ E CnW^^-m.-l-n + CX-l^^^+C^^^^^O,-!- (3.42) 

(m,n)eZ*\(0,-l) 

Applying Vq to fifo,-!] = and using (3.42), we have 

(1 - Q-')C^ = (1 - Q-')C'h = 0, 

{q^ - q'')C\n-i + - Q-'-^Cn = 0- (3.43) 

Then (jj^ — — 0. Take m — n and m — 1 + n respectively in (3.43), one has C!^^ — 
and C^„,_i = for m G Z*. If m ^ n, 1 + n, then C-i,„-i = '"X"/"'"' ^^ich 
forces = because of the fact that there are only finite many nonzero Cm,n^- Hence 
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'Do(5'o,-i) — 0. Using similar arguments, we also obtain PqC^-i.o) = 0. By the similar 
method, we also have X>o(fl'o,-n) — ^o(^-n,o) = for n e Z+. Using Lemma 3.7 and the fact 

that C^^n for 171,11 & 'Z' can be generated by the set {d, eo,o, /o,0) di, d2, go-n, ^-n,o}) we 
obtain the lemma. □ 

Lemma 3.11. For any V G Der(>C, V), (3.4) is a finite sum. 

Proof. Since V — X^kez ^k, by the Lemmas 3.7, 3.9 and 3.10, one can suppose — (i'm)inn 
for some e Vm and m e Z^. If F' = {m e Z* | 7^ 0} is an infinite set, by linear 
algebra, there exists p G T (cf. notation in the proof of Lemma 3.5) such that p(m) 7^ for 
all m e r'. Then T>{p) — J^mev P('^)'^m is an infinite sum, which is not an element in V. 
This contradicts to the fact that T> e Der(£, V). The result follows. □ 

By now the proof of Proposition 3.4 is completed. 

Lemma 3.12. Suppose v eV such that x -v E Im(l — r) for all x E £.. Then v e Im(l — r). 

Proof. First note that JC ■ Im(l — r) C Im(l — r). We shall prove that after a number of 
steps, by replacing v hy v — uioic some u e Im(l — r), the zero element is obtained and thus 
proving that v e Im(l — r). Write v — X^mez^ '^m- Obviously, 

veIm{l-T) <^ Vmelm(l-r), V m e Z. (3.44) 

For any m e Z*, choose p G T such that p(m) ^ 0. Then 

p-v ^ P(in)^m e Ini(l - r), 

meZ 

which together with (3.44) gives E Im(l — r). Thus by replacing v by v — ^^^0^^, we 
can suppose v — Vq E Vq. Hence v can be rewritten as (cf. statement after (3.5)) 

E (7mem ® e_m + 7^em ® f-m + ltfm ® e-m + l(ifm ® /-m) + E (Tk^Ck ® 5-k 
m k 

+7^ ek(8)/i-k+7k^^k(8e_k+7r5k(8)e_k+7?/k<85-k+7r/k'»^-k+7k-^5k®/-k 
+7k^^k®/-k+7kV05-k+7kNk<^/»-k + 7k^^k«)5-k+7k''^k <8) /i-k) 
+7deo c^+7dieo ® ^^1+7^260 c?2+7d/o ® d+j^Jo <8) di+7£/o®d2+ 7fc^'^eo 
+7/f^ /o + 7d'^<^t^ + 7dif^®f^i + 7d2f^ (8) ^2 + ^t^di^eo+^fdi^fo+j^^di^d 
+7jdi0di^^idi®d2+7?f^2®eo+7f c^2(^/o+7^f^2®rf+7dit^2®c/i+7^2^2<8)d2. 

The fact that d - v E Im(l — r) imphes 

e,e I e,e f , f i /if Ci? i 9ie n 

7m + 7-m = 7m + 7-m = 7k + 7-k = 0> 
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7f + 7-'k = 7^'^ + 7^'^ = 7^'" + 1^1 = 7^ + it = 0, 
ll + 7f^ = 7^, + it' = 7i +7? = li + 7? = 74 + if = 0. 
Replacing v hy v — Ui, where Ui'is equal to 

(7m«in (8>e_in+7m /m (8> /-m+7m (/m ® &-m- &-m fm)) +Y1 [ik ® S-k-g-k <8) Ck) 
m k 

+7^ (ek^/i-k-/i-k®ek)+7k''(/k<»5-k-ff-k®/k)+7r(/k<»/i-k-/i-k®/k) 
-h'k^(^k<^^k-5-k<8)/ik))+7d(eo<^c^-t^<^eo)+i^d^(eo(8)cii-di(8)eo)+7d2(eo®<^2-d20 
+yi(/o(^d-d<8)/o)+7l(/o®di-di®/o)+7l(/o®d2-d2®/o) e Im(l-r), 
we can simplify v as 

E(7m^em0/-m) + E (7r5k®5-k+7f ^k /i-k) + E(7f 5k®/i-k) 

m k k 

+7^d (g) d + 7djd (2> di + -y^d 0^2 + 7d'f^i ® + 7jc?i ^^^i + l^di ^2 

+ld'd2 O d + 7l'(^2 ® di + 7£c?2 ^ d2, 

where the coefficients are all in C[g='=-'^]. The fact that g'o,! • £ Im(l — r) forces 

fi^^nf^ _ ^e/ — C/,'"i _ 1 W^'* — _ I ^<i2 _ d2 I ^tii _ f) 

y /mi,m2— 1 /mi,m2 /mi,m2— 1 idi '<i2 ^ '<ii ^ 'd2 ' 

which in particular gives 7^^ = 0. Replacing v by — Wi, where U\ — i^^{d <S> d2 — 
d2^d) + 7j(d2 ^di-di^ d2), we have 7^ = 7^^ = 7^^^ = 7^1 = 0. The fact that 
^1,0 • V e Im(l - r) forces (g-^ - 1)7^-1,^2 = 7^ = li + Id' = 0, which gives 7^;*„ = 
for n e Z*. Replacing f by w — ti, where u = 7^^((i (8) di — di (g) d), one can rewrite v as 

^ = Y.k{lk9y^ ® 5'-k + 7k''^k ® /'-k) + 7^*^ ® d. The fact that eo ■ v e Im(l - r) forces 
7^ = 7^3 ^ ^ra ^ ^h/x ^ ^hh^ ^ Q_ Hgj^pg ^ g Jj^(^;l - r). □ 

Proo/ 0/ Theorem 1.1. Let (£, [-, ■], I^) be a Lie bialgebra structure on C. By (2.3), (3.2) and 

Proposition 3.4, A = is defined by (2.4) for some r e C®C. By (2.2), Im A C Im(l - r). 
By Lemma 3.12, r e Im(l — r). Then (2.2), Lemma 3.1(2) and Corollary 3.3 show that 

c(r) = 0. Thus (£, [•,•], A) is a triangular coboundary Lie bialgebra. □ 
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